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TAZH: I'" TENIKOY AYKEIOY

ITPOXANATOAIZMOX: OETIKQN XIIOYAQN / ZITIOYAQN
OIKONOMIAYX & ITAHPO®OPIKHX

MAOHMA: MAOHMATIKA

Hpepopnvia: Teraptn 19 Anpriiov 2023
Adpkewa EEétaong: 3 mpeg

AITANTHXEIX

OEMA A

Al.  XZyolko Bipiio oerida 133

A2, Zyolko Bipiio cerideg 128 kar 129

A3.  XZyolko Bipiio cerida 185

Ad. (a)Zowotd (P) Zootd (y) AdBog (0) Zwotd (&) Xwotd

OEMA B

Bl. Agobnf elvar cvuveyng oto R Oa givar ko cuveyng oto x =0

Anhadn Iirgf(x): Iinolf(x):f(o) (1)

X

limf(x)=lim(e™ +a)=1+0o

x—0" x—0"

lim f (x) = lim (-x*+3) =3

x—0*
f(0)=1+a
Amd v oyéon (1) mpokdmtel 611 1+ =3 <= o =2

e +2,Xx<0

Emopévas f(x)= {_XZ +3,x>0

['o v mopdywyo g T oto x =0 €yovpe

TA OEMATA ITPOOPIZONTAI I'TA AITOKAEIXTIKH XPHXH THY ®PONTIETHPIAKHYX MONAAAX

XEAIAA: 1 ATIO 9




E » OMOZXIONAIA EKITATAEYTIKQN ®PONTIZETQN EAAAAOX (O.E.®.E.) - EHANAAHIITIKA ©@EMATA

E]_E,I . , EITANAAHIITIKA OGEMATA 2023
o3 B’ ®AXH

E_3.M’300(c)

F(x)-f(0)  e*-1l0)

lim —~2_ 3" _ |im - |im(—e-X)=—1
x—0~ X—-0 x—0~ X D.L.H x—0"

_ _ 2 _ _ 2
IimM: |imL33: lim = = lim (—x) =0
x—0" X—-0 x—0" X x=0" X x—0"

Apanf dev eivan mapayoyioyn octo x =0

B2. Hf mopayoyiown oe kdbe éva and ta Swwotiuata A, =(—«,0), A

- %, x<0

e f’(x)z{

—-2X,X>0

, =(0,+x)

I'o x <0 éovpe € <0 evd yio x>0 £€govpe —2x <0 apa f'(x)<0 Yo

KkiBe X e A, UA, kot emewdn n f eivar cvveyng oto x=0 n f eivon yvnoiog

eBivovoca oto R dpamn avtiotpéperor .

B3. Wayvovue 11 Moelg ¢ e&icmong f’(x) =—1pue x=0

Av x<0 f'(X)=-leo -7 =-1l e =1< x =0 anoppintetar

Av x>0 f'(x)=—1<:>—2x=—1<:>x=%

Apa n gvbeia y—f(%j:f'(lj(x—EJQy—l—lz—x+%<:>y:—x+?

2 2 4

f
B4. Twrto lim
X—>—00 f (X) X—>—00 X—>—0

1)
Fel ()

i
f

),

1 1 f
fx) ) fx) F(x)

enedn lim f(x)= lim (e’x + 2) =400 gpyalOUaCTE (O

‘ ko emewdn F(X)=e™+2>0 &ovpe
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Ioyoet lim f(x) =40 Gpa lim %X):O won lim {_T];QJ =0

X—>—0 X—>—00 X—>—00

f
Apa omd kprtppro wapepforng lim nufT =
X—>—o0 X

OEMA T
1
3 X
I'L.i. Eoto If(X)dX=K 6mov ke R pa f(X)=x—— K
X —
1
3
1
3 [ 2 3
8X 3
Omnodrte J(X— > +KjdX=K<:> X——4|n‘X2—1‘+KX:| =K
X — 2 1

<:>(i—4|n§+E)—(i—4ln§—E =K<Z>2?K:K<Z>

18 9 3 18 9 3
ii. Apkel: lim f(x)-x=0

X—>+00

8x . 8Xx . 8X . 8
=X |=lim| —— =lim| -——|=lim| ——|=0
X =1 X—>+00 X -1 X—>+0 X X—>+00 X

2. i. Hf mopayoyiciun oto A pe

W=

[pdypatt: lim (X—

X—>+00

8(x*~1)-8x—2x (x° ~1) -8x? +8+16x’
e

f'(x)=1-

4 9y2  1_Qqy? 2 4 2 X% +1 ?
_X 2xX°+1 8x2+8+16x _X + 6X J2r9:( )2>Oy1aKdGsXGA
(x*-1) (x*-1)°  (x*-1)
H f yvnoiog abéovoa oe kabe éva amd ta daothpato
A = (—oo,—l), A, = (—1,1), A= (1, +oo)
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\El’)pscn GLVOLOV ﬂuo')v\
H f ovveyng kot yvnoiog adéovca oto A, = (—oo, —1) EMOUEVMG

F(A) =(lim £ (x), lim f (x)] = (~oe,+20)

Xx—>-1"

A10TL

X -9x . oxd

lim > = lim — = lim x=—x

X——0 Y — 1 X——0 X X—>—00

3 3

. X°=9x . X°—-9x 1

lim —; = lim — (—4)-(—oo):+oo
x> X°=1 x> x-1 x+1

H f ovveyng kot yvnoiog avéovca oto A, = (—1, 1) EMOUEVMG

f(Az):(

1im £ (x), i (x)) = (~o,420)

X—1"

AOTL :

X3 -9x . (xX*-9x 1

xI—I>r—T]]f )(2 -1 :xun}( X-=1 m] (_4).(4_00):_00
X3 -9x . [(x®-9x 1

lLT x? =1 :llﬂ'( X+1 x——lj (_4)'(_00):%0

H f cuveyng kot yvnoing adéovoa 6to A, = (1, +00) EMOUEVOG

F(A) = (lim (x), imf (x)] = (~os,+20)

X—1"
AOTL :

3 3
lim X = i [ X2 L) (4). (400) = o0
x-1" X =1 x—1 Xx+1 x-1
X -9x X3
lim > =|Im—2=|ImX:+oo
X—+0 ¥ _1 X+ X X—>+00

Apa f(A)=R

i X3—(xX2—9X+0L:O<:>X3—9X=0LX2—OL<:>X3—9X:a(X2—1)

INo X=1éw —-8=0-a Addvarn
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[N'o X=-1¢ym 8=0-a0 AdVvarn
Onote o1 apBpoi 1,—1 dev amoterovv ADcelC TG e&lomonc.

3_
TNa x#+1 éxovpe sz glxzocﬁ f(x)=a

eacf(A)=R apavrapyet X, €A :|f(x,)=a

To x, povadikd dot f yvnoing abvéovoa oto A

eacf(A,)=R dpovmapyet x, €A, :|f(x,)=a

To x, povadikod d1ott f yvnoing advéovoa 6to Az

eaef(A;)=R apovmapyet X, €A;:[f(X;)=a

To x, povadikod 0101t f yvnoing avéovoa 6to Az

Apa 1 e€icwon f (X) = o &yel Tpelg mpayuatikég pileg yo kabe o e R

2
, x? +1
3. f'(x) :(xz _J

o (x) =2 XL (XA X1 2X(X 1) =2x(x*+1)
x*-1 | x*-1 x* -1 (x? _1)2
:2x2+1_2x3—2x—2x3—2x :—2(X2+1)'4X _ 8 (x* +1)
x* -1 (x? —1)2 (x? —1)3 (x? —1)3
To npoonuo g " kar n kvptomTa g T @aivovtal otov mivaka mov
aKoAoLOEl
X —00 -1 0 1 +00
—8x - - 6 + +
3
-1 |+ o - - 0 +
X% +1 + + + +
" - + O - +
f Y U N U

H f éxe1 onpeio xapmfig o M(0,f(0)) f M(0,0)
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H epantopévn oto M eivar y—f(0)=f'(0)-(x—0) < y =9x

xf (X)+(k—10)x* +x*f (1)
I'4. Twrto lim X

X4 X2 (x) =% +xk°x°

Kévovpe 10 €ENG

f(x)+(1<—10)+x-f()l(j

Awpd pe X* 6Aovg Toug dpovc lim X >
X490 f(X)-x+x

lim f(x) =1 xon lim[f(x)-x]=0

X—+0 Y X—>+00

. 1 , 1, 1 . , N .
limx-fl=| 06éto u== dpa i X Otav X—>+o 10TE U—>0" omote
X

X—>+00 X
iim 1) _1(0) =g

u—>0" U
f(x),
, oy 1) f(xj 14xk-1049 1
Apa lim r 5 = . ==
X400 (X)—x+1x K K

Apa Oa Seiovpe 6Tt vapyet povadikos k € (0,1) dote 1 e“<e"-xk-1=0
K

Oewpd: ¢(X)=e*-x-1,n ¢ ovveyig oto [0, 1] ko

¢(0)=-1] | o , ,
(1) . Apa and Bedpnpo Bolzano vrapyet X, €(0,1): ¢(x,)=0
eoll)y=¢€e-

¢'(x)=e"-x+x-e* =e*(x+1)>0 yw ke x €[0,1] Gpa T0 X, povadikd

OEMA A
Al.i. H f 800 gopéc nopayoyioun oto R pe f'(x)=e*—2x ko f"(x)=e*-2
f'(x)=0=e*-2=0=e"=2=x=In2

f'(x)>0=e*-2>0e">2x>In2
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Apa to Tpoéonuo g ' ko kuptotta g T paivoviat 6tov Topakdto wivaka,

X —0 In2 +o0

£"(x) - 0 +
f(x) /Y W)

Hf koiln o610 (—,In2] kot kvpth 670 [In2,+0)
To onueio (In2,f(In2)) 1 (IN2,2-In’2) givan to onpeio kapmng.

ii. To npdonpo g f” ota dwotipata (—o,In2], [In2,+x) pag deiyver 1o €idog g

povotoviag g f'.

Onote n f' yvnoing pbivovoa oto (—»,In2] kat yvnoing ad&ovoa oto [In2,+wo)

> 0éon x=In2 éyetl eAdyioto 10
f'(In2)=e"*-2IN2=2-2In2=2-In4=Ine’-In4>0

Anhodn o eldyioto g f' eivan Betikd emopévog f'(x) >0 yiokGbe xeR

Emouévmg n f yvnoiog avéovosa oto R.

H f cuveyng oto R Gpa ko oto [-1,0] kon emumdéov f(-1)=e™-1<0,f(0)=1>0

Apo and Oshdpnuo Bolzano  vmdpyer ae(-1,0):f(a)=0,nradn 1 ypapn

napdotaon g téuvel tov d€ova X'X 610 onpueio M(a,O)

To a eivor povadikd d1ot 1 f yvneimg avéovaoa.

A2. 2f(B)Inx-x+1<0 vy kabe x>0, Oewpd h(x)=2f(B)Inx-x+1 x>0
' v omoia woyver h(x)<h(1) yurkdbe x>0

Anhadn ot Béon x=1 7 h(X) &xel péyloto, elvol mapayoyioyun kot givot

e0MTEPIKO oNpEio Tov mediov opiopod g Gpa omd Oedpnpo Fermat : [h'(1)=0
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Opog h'(X)=2fT(B)—l kat h'(1)=0<f(B)=

N~

Ioyvel ot f (OL) =0, f (O) =1, f(B) :% kot enedn n f yvnoiog advéovoa

om

A3. H g(x):f(x)2 (f (X)—l)znap(xyo)yimun oto R pe

0'(x) = 2P - T - (F(x=1)) "+ 2E 2 (x)-(F (x)-1)- P

g'(x) =2 (x)-f (x)-(F (x)=1)-(F (x) -1+ (x))
= 2f’(x)~f(x)~(f (x—1)-(2f (x)—l))
g'(x)=0 &f(x)=0[x=0d]
i f(x)-1=0=f(x)=1<
i £(x)=3 = [x=
F(X)-1> 0 f(x)>1e f(x)>F(0) x>0
F(x)>0 e F(x)>f(a)ox>a

f(x)_%>o@f(x)>%@f(x)>f(s)éx>B

X —00 o B 0 400
f(x)-1| - - - 0+
2f (x)-1 - - + +
2f'(x) + + + +

f(x) - + + +
g(x) - + - +
N / \ /

Apa 1 g mapovuctdlel dVO TOTIKA EAAYIOTO Kol EVOL TOTIKO LEYIGTO

TPOKVTTTEL
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Ad. | :Jl'(e&—x)dx =j.e&dx—j'xdx =I,-1,
0 0 0

1
o to Ilz.fe&dx Bétovpe U =+/X = u? =x = 2udu =dx
0

Apa I, = Jl'2u e'du =J1. 2u((e" )I du =[2ue“]2 —j.Ze“du = [2ue“]z —[Ze”]Z =[ 2ue’ —29”]2 =2
0 0 0

N | W

Tehucd egovpe : 1=1, -1, :2—%:
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