E OMOZIMONAIA EKIAIAEYTIKON ®PONTIETON EAAAAOE (O.E.®.E.) - EIIANAAHIITIKA OEMATA
inl B
%g I ’ EHANAAHH’I:,;I@K?Z H@EMATA 2019 E_3.M)300(a)
TAZEH: I'" TENIKOY AYKEIOY

ITPOXANATOAIZMOX: OETIKQN XIIOYAQN / ZITIOYAQN
OIKONOMIAX & ITAHPO®OPIKHX

MAOGHMA: MAOHMATIKA

Hpepopnvia: Xapparo 12 Iavovapiov 2019
Awapkewa EEéTtaonc: 3 opeg

AITANTHXEIX
OEMA A
Al. Andoeiln oyoikov PBiiiov cerida 106
A2. Opiopog oyoAkov Pipiiov cerida 32
A3. (o) Yevong.

. . 1 | ,
(B) o v=0 maipvovpe v cuvapton f(x)=— yw mv onoia lim —=-w gvid
X x—=0" X

.1 . . . 1 . .
lim — =+ EMOUEVMG dev VTTOPYEL TO OPLO TNG f(X) =— o010 x=0 apa dev VTTOPYEL OTO
x—0" X X

undév 1o opro g f(x)= ! veN

T 2v+l
XV

A4.
Av oto x, € R 10 0p1o +00 —o0 0 a<0 +00 a>0
me £ etvau:
Av oto x, € R 10 0p1o —0 —o0 —0 —o0 +00 —0
me g elvou
101E TO Opo NG f+¢ ; —o0 —o0 —0 +00 —0
glva:
totE 10 Op1o NG f-gelvor | —o +00 ; +00 +00 —o0
AS.

() 20016 () o106 (Y) Zwotd (8) AdBog (¢) AdBog
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OEMA B

B1. T'o va opiCetoim ho  mpémel 10 6OVOAO A = {x €A, xm g(x)e Ah} va unv givot

TO KEVO .
[Ipdryport :
X €A, xelR R R
2= - -
g(x)eA, " |1-e*>0 e <l |x<0
Apa A=(-=,0) kot o Tomog g givon (ho h(g(x)):ln[1 ! x)
—e

X

B2. T my f(x)= ln( ],x <0 Bewpovpe Toxaio X ,X, €(-=,0) pe x, <x,:

X, <X,=>e""<e? =>—-e">-e" =>1-e" >1-e"

1 1 1 1
= < =1 <1 =f <f
l—-e" 1-¢e"™ n(l—ex‘j n(l—e"zj (Xl) (Xz)
Enopévag 1 f ywnoiog adéovoa o610 A =(-wx,0)
H f ovveyfig oto A =(—,0) kat yvnoing ad&ovoo etopévmg To GHVOro TV TG eivat

£(A)=( lim £(x). lim £ (x)) = (0,40)

X—>—0 x—0"

X—>—00 X—>—0

3161t lim f(x)= lim ln( Jleirgo(lnl—ln(l—ex)):Xlirgo(—ln(l—ex)):0

X

1-¢*

Enewdr]  :0étoviogc  u=1-e¢ naipvoope  u, = limu= lim (1 —e* ) =1 Gpa

X—>—0 X—>—00

lim (—ln(l—eX )) =—limlnu=0

X—>—00 u—l
) = lim (lnl—ln(l—eX )) = lim (—ln(l—eX )) = +00

x—0" x—0"

lim f(x) = lim ln(

x—0" X—0" 1—-¢e*

Emneion :0étovtog  u=1-¢* maipvooue u, = limu = lim (1 —e") =0 d4pa

x—0" x—0"

X1Lrgo(—ln(l—e"))z—lim Inu = +o0

u—>0"

B3. H f yvnoiog ad&ovoa 610 A =(-,0) dpa kot 1-1 ETOPEVOS AVTIGTPEPETAL .
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[OE| A" ®ATH —

To medio opiopod ™g £ eivar to cvvoko Tipdv e £ hadh A, =f(A)=(0,+w0)
f(x)zy@ln(I_lex):yQ l—le" =¢’ o 1-¢" :eiyal—eiy:ex

y _
=ln(1—Lj<:>x=ln(e 1]
e’ e’

X

Enouévog fl(x)zln[e X_IJ pe A =(0,+0)

€

f
B4. T'o v gbpeon tov  lim nu( (x) EXOVUE :
x—0" n

x)
nuf (x)|_ Inuf 1
()] [in(-x \ln x)

—X

. 1 nuf() 1
Emopévag : |ln(—x)| In(—x £|ln )|

Opwg : limIn(-x)=-o ondte hm‘ln —x)‘ +oo  Gpol hm;:o Ko
x—0 x—0" ‘ln )‘

x—0

lim| —

x—0"

L 0 omdte amd 10 KP1Ttnp1o mwopeUPorng lim e (x)
‘ln ‘ x—>0" ln(—x)

OEMA I’
I'l. T k60 x €[-5,5] wyvet @ x*+17(x)=25 <17 (x)=25-x" (1)

"
f(x)=0=f*(x)=025-x"=0x* =25 x=5x=-5

I'2. H f ovveyng oto [-5,5] kou pundeviletat povo ota x =5 kot x =—5 dpa Satnpet

TpoOSNHO 670 dtdotnua (-5,5)
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Amd ™ oyéon (1) éyovue : ‘f(x)‘=\/25—x2 kou n f Swmpel Tpoonpo oo (-5,5)

dnhadn f(x)>0 yuo kabe x e(-5,5) 1§ £(x)<0 Yo kGBe x €(-5,5).

An6 vmobeon yvopiovpe 6t £(0)=5 Gpo £(x)>0 yia kabe x €[-5,5] pe v 1o T

VoL 160EL OV Y10l TIG TWEG TOV GKP®V TOL SlooTpotog emopéveg f(x)=+25-x

I'3. (i) o k60e x,x, €[0,5] pe x, <x, éyovpe:

Ko

= J25-x >25-x,2 = f(x,)>f(x,) (1)

X, <X, =X, <X, = —x>-x," =25-%x>25-x,°

X, <X, =X, >—X, (2)

Me npdoBeon katd péin tov oxéoeov (1),(2) mpoxvmter g(x,)>g(x,) dpan g

ywnoiog edivovsa oto [0,5]

(i) T kGBe x €[0,1] 1 avicwon yiveto :

f(x3)—f(x2)>x3 —-x’ <::>f(x3)—x3 >f(x2)—x2 <:>g(x3)>g(xz)

Kot enedn n g eivor yvnoiog ¢Bivovoa £rovpe x° <x* < x’ —x* <0< x*(x—1)<0

To mpdonpo tov x* (x —1) eaivetot 6Tov Tivako 1oV okohovdel

X

—0o0

0

+00

2
X

+

x—1

x° (X—l)

Apon avicwon x*(x—1)<0 pe x €[0,1] aknbever udvo 6tav x (0,1)

I'4.

Ioyver

V25-x* <5< f(x)<f(0) yio kGBe x €[-5,5] o emedn £(0)=5 &govpe f(x)<f(0)

Yo kGO x €[-5,5] emopévarg ot Béon x =0 £xet péyotd to £(0)=5
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H e&icwon v24+ocvv’x =6+nu’f(x) 1coddvapa yivera:

V24+o0v’x = 6+np’f (x) & 24 +1-np’x =6+np’°f(x)

& 25 -p’x = 6+np2f(x) & f(nux) = 6+nu2f(x)
o f(nux)=5+1+np’f (x) < £ (nux) =5 =1+nu’f (x)

H tehevtaia 1060 dev emainBedetal yio Kavevay mTpay otk aptfpno S0t
l+np’f(x) 21 kat f(npx)—-5<0 epdcov f(x)<5 yua kabe x e[-5,5]
OEMA A

_ 2
—f(x) X2+4,x¢2 e lirrzlh(x):l EMOUEVOG
X— X—>.

Al. (o) ®tovpe h(x)=

h(x)(x—2) :f(x)—x2 +4<:>f(x) :h(x)(x—2)+x2 -4
Ao ™V TeEAevTOiO 1GOTNTO EYOVUE :
. 1 _ 2 _ .
!grélf(x) = }gr;[h(x)(x 2)+x 4] =0

Ko enedn M f ovveyng oto x =2 (amd vedbeom EEpovpe 0Tt gival mopaywyiciun 6to
R) Bo 1oydet £(2)=0

f’(z)zlimw=limmzlirn(x_z)h(x)+x2 —4

x—2 X -2 x=2x —2 x—2 X -2

lim OO () (X42) () 4xr2] =5

xX—2 X_2 x—2

(B) To onueio M(1,-5) aviketomv C, dpo g(1)=-5
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@E A" ®DAXH -
Er%g(“h);g(l—h) :10(:)mg(l+h)—g(l—hh)+g(1)_g(1) »

h—0

g(1+h)-g(1) ¢(1)

H g mnopayoyioyn cto R apa: %irré#:

) . g(1-h)-g(1) , B , e 3
I'a o 6pro Llirgf Oétovpe u=-h épa u, —%glgu—%lilg(—h)—o

im&Z=e()  elrw)=e(®)  e(xw)=el)

h—0 h h—0 —u h—-0 u

Apan oyxéon (1) yiveton :

lin{g(Hh)—g(l)_g(l—h)—g(l)j:lo

h—0 h h

o pimeUr)zel) o el=h)-e(l)
h—0 h h—0 h

g ()+g'(1)=10=2¢'(1)=10=¢'(1)=5

A2.
H e&lomwon gpantopévne g f oto A(2,f (2)) etvat:
y—f(2)=1'(2)(x-2) = y=5x-10

H e&iomwon epantopévng e g oto B(l, g(l)) elvat:

y-g(1)=g'(1)(x~1) = y+5=5x -5 y=5x-10
Apa n gpantopévn g f oto onueio A(2,f (2)) EPATTETAL GTN YPOAPIKT] TAPACTOCT
NG GLVAPTNONG g GTO oNUEio B(l, g(1))
A3.
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H glicwon g(x)=0 éxet povadkn Mon v x =3 kot enedn 1 g ovvexns oto R o

dratnpei mpooNpo o8 Kabe Eva amd Ta SoTpaTa A, =(-0,3) Kot A, =(3,+x)

Eneidn g(1)=-5<0 xou 1€ A; Adyw g Swrhpnong mpocipov g f oto A, Oa
éxovpe g(x)<0 yio k@Oe x € A

Amd v oxéon g(0)-g(4)<0 ovpmepaivovpe 6tL ot apuoi g(0),g(4) seivan
ETEPOCTLOL .

To 0 A, kot g(x)<0 yiok6Oe x € A dpa g(0)<0 omdte g(4)>0

Apa g(4)>0 xou 4 A, Myo g Srripnong mposhuov mg f oto A, Ba Exovpe
g(x)>0 Y kdbe x € A, .

H g ovveyng oto [3,5] dpa Bo €xet péyotn Tipm.
Anradn o vrapyet x, €|[3,5] tétorog dote g(x)<g(x,)
Opog g(x,)>0 kot g(x)<0 yokabe x €(—»,3) dpa g(x)<g(x,) yrokdbe x €(—0,5]

Ad. T x#0,x #2 &yovue
Xf(X)Z(X—2)€x©Q=§<:>m—§ZO

f X
Oewpovpe ™ cuvaptnon h(x) :(—Xz)—e—,x €(0,2) 1 onoia eivar cuveyng oto (0,2)
X = X

LEMIOMG

x—0* x>0t x—2  x -2

lim h(x) = lim(m—ijzm—(+w):—w

, . e" ) 1
001t : lim — = lim (e" —j =1 (+oo) =400 KOl —%
x—0" X x—0" X

apa vrapyet apdpog o kovtd oto 0 dote f(o) <0

Kot

x—2" -2 x=2 X

X P 5 )
hmh(X)=lim[m—e—}f'(z)_%=5_e_=10—6 >0

apa vrapyet apOpog P kovid oto 2° hote £(B)>0

H h ovveyng oto [a,B]<=(0,2) kot f(a)-f(B)<0 apa amd Oedpnua Bolzano
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VTAPYEL £V TOVAGYIGTOV X, € (0, B) =(0,2) této106 dhote h(x,)=0
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