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AITANTHXEIX

OEMA A
Al. ’Eyovpe:
122, =z | |z, k=
12,-2, |2=|21f' Iz, ZTC:’
<::’(Zl'zz)(zl'—zz)221'71'22'72
<Z7-2,-72+-2Z,=2,-Z,-Z," Z,TOV LG)VEL

A2. H f ovopaleton yynoing edivovoa oto didotnua A Tov TESIOV 0pLGHOY TG,

Otav Y10 omowadnToTE X, X, € A pe X < X, woyver: f(x)> f(x,).

A3.
Mia cuvaptnon f (Bo Aépe 6T1) eivon coveyric Y
og éva KAeloto daotnua [a, A], otav: ]
e civar ovveyic oe k&P onpeio tov (a,B) -
Kol EMWAEOV €ivon ocuvveyng ota  dKpa,
SAadh ot —;
e lim f(X) = f(a) xar lim f(x)= () A
x—a* x>0
A4
a. AdBog
B. Zoom
y. AdaBog
0. oot
€. AdBog
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B 1. T vaéyxet vonua mpoaypatikov aptfpov 1 cuvdptnon g(X) =—InX mpénet

X>0, &ro1 TpokvmTeL 011 T0 TEDIO OPLoHOY TNG Eivar To A, = (0,+00) :

T X, X, € (0,40), eivon
9(x)=9(%) <= -Inx, ==Inx, @Inx =Inx, < X, =X,, dpan g eivon <<1-
1>> xon emopévogn g eivan avtioTpEYu).

I'a x>0 Bewpodpe v e&icwon (g mpog X) y = g(X). Tote:

y=g(x)oy=-Inxe
< -y-ne=Inx<
slne? =Inx e
sed=x

H piCa x=¢e" &ivou dexti apov € ¥ >0 ko povadikn yuo kébe ye R.

Apan avtioTpo®n TG g €ivor  cuvapnon g_l(x) =e ", ue xeR.

B 2.

H e&lowon epamtopévng g Ypoeikng Tapdotacns tg cuvapTnong g
oto onpeio mg A(1,g(1)) eivan

y-9(1)=9g'()(x-1

Eivau
° g(l) =0
. g'(l) =-1

‘Etor (g,):y=—Xx+1

H e&iowon epomtopévng g Ypoeikng mapdcetocng TG GUVAPTIONG
g ' oto onpeio ¢ B(Xoyg’l(xo)) elvan

!

y=9(%)=(9") (%)(x=%).
o gi(x)=¢e",
¢« (97)(%)=—e"

"Etot
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y-e = e (x-x,)
(g5):y=—€*-x+€e*°.x +e™®

Mo va tavtiCovron ot evbeieg (g,), (5) TpEmeL Ko opKel vo vILAPYEL

X, (OOTE

-1=-e* (1)
Ko
l=e*-x,+e* (2
And (1) égovpe 1=€° étorn (2) yiveton 1=1-X, + 1< x, = C.
Toven®c, N eElomon g EQAmTTONEVIC GTO GMUEio B(O,g’l(O)) g

YPOPIKC TAPAGTAGNG TNG GUVAPTNONG § -, EIVOL 1 EQPATTOUEVI] TNG
YPAPIKNC TaPAGTAGTC THS GLVAPTNGNG  GTO CNUEiD A(l,g (1)) :

B 3. To nedio opiopov g h(x) = Inx— e *eivan A, = (0,+00) :
o omowdNmote X, X, € A, =(0,+0) pe X, <X,.
‘Eyovpe:

H Inx yv.adé

v <X, = In(x)<In(x,)

Em-1 H e ywv.avé Emi-1

v X <X = -=X>-X = e'>e’?=-elt<-e”

Me npdobeon tov oxécewv (1) kou (2) Exovpe:

In(x)—€e™ <In(x,)-€e = h(x)<h(x,),

apan h eivon yvnoiong adéovoa oto A = (0,+oo) :

Eniong
e limh(x) =lim (Inx—e*)=—w
x—>0" x—>0"

X—>+00 X—>+00

e lim h(x) = lim (In x—ixj=+oo
e

Apa To chHVOLO TIHOV TG GLVEYOVG cLvapTnons h eivan

hyv.abéovoa

A((0:x) = fmne.fim 109 =)

(1),
).
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In X, x>«
B 4. Twvaeivon oovapmon f omov f (X) =V ax v < GLVEYNG Y10 KATO10
e " X=«a

a >0 mpénet

lim f(x) =lim f(x = f(a)

x—>a*

< liminx=Ilime*=f(a) @lna=¢e"“

x—>a* X—>a”

oSha-e“=0sh(a)=0

cbvolo nedio

TV opiood
Topa 10 0 (—o,+0), Gpa vadpyer a € (0,+0) kot pdhota povadikd agod n
h(x) ywoing avéovea, dote h(a)=0, étot omodeifape om n f  eivan

ovveNs yio povadikd o > 0.

OEMAT
I'l. T tov apiBunt tov doBévtog opiov:
Apob 1 cuvdptnon f glvar  yvnoiog  povotovn 1GYVEL

f(0)# f(1) < f(0)— f(D)= C omdte 0 peyroroPabuiog 6pog Tov oPOUNTH
etvon o ((0)— f (1)) .

['a tov Tapavopacti) Tov 600Evtog opiov:

Apov 1 f:R—-> R* wyver f(x)#0 ywo k60 xeR étor f(1)#0 dpa o
neytotoBfadpiog 6pog otov mapavopasth eivaro f*(1)-x* pe £2(1)>0

f(0)-f(1) x°+x+1
‘Etor lim (f( )2 ( )2) =—0 &
X0 f°(1)-x"+x+1
f(0)- f (1)) - x°
<:>Iim( ( )2 ()2) =—00 &
X—>—o0 f (1) - X

< lim (f(O)Z— 1:(1))-x3 =
o F5(1)

M>O, apov lim x° = -
f2(2) -

Andadn F(0)—f(1)> 0= f (0)>f (1)

‘Etot yua v yvnoimg povotovn covaptnon f ioyvet ot

O<leve f(0)> f (1)
EMOUEVMG TPOKVTTEL OTL 1] cuvaptnon T eivan yynoing edivovoa.

Onodte avaykaio
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I 2.

T v cuvéptnon h(X) = x3+ € &yovpe:
Ta toyoda X, X, € R HE X <X, & X <X,
Kot X <X, & et <e?
Ondte pe mpocheon kot pEAN Exovpe
x°+€e* <x’+€% < h(x)<h(x,)
Apan cvovaptmon h eivon yynoiog avéovoea oto R,

[No kédBe X e R 1oyvet

9(g(¥)) - f(0)-g*(x)=f (1)- f (< +€*+ 2015/ (1)

[o toxaio X, X, € R pe g(Xx,) = 9(x,)

e [laipvoope g:
9(9(x))=9(9(x))

Yyovoopue €1g v tpit:
Frot 9°(%) =9’°(x,)
Eni —f(0):

—1(0)-9°(x)=-1(0)g’(%,) (3)
TpooBétovpe Tic oyéoeic (2) kat (3) katd péhn
9(9(x)) - £(0)-9° (%)= 9(a (%)) - f (0)- 9° (%, )
Abye me (1) &xovpe
f(1) f(x°+€*+2015=f (1) f &’ +e“+ 2015
opwg (1) 0 dpa
f(x’+e*+2015)=f (x,’+e%+ 2015

Topa apod n cvovaptnon f elvon ywoing edivovoa Oa givar ko <<1-1>>

OTOTE TPOKVTTEL:
x> +€e%+2015=x,° + €% +2015
X’ +e* =x,"+e°
h(x,) = h(x;)
X =%
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AoV 1 ouvaptmon h givar yvnoiog avéovoa, omdte Ko <<1-1>>.

Xvvenrwcn g <<1-1>>.

I' 3. Eivau
1
- f(o)x4+x2 %20 - X4(f(0)+2j
JLmoo(f(l).X2+X+1+nﬂXJ - l@o@ 2 1 Hpx )=
| f()+=+—5
X X
1
f(0)+—=
= lim x 1X21 +W2X =+
X—>—00 fl = 4 X
@+ie ]
o Agov lim X2 = 400
1
f(0)+—=
e lm 1X21 _HO 4
A IR N R (1)
X X

apov M F(X)#0 ko cvveyng dpa dratnpel to TPOONUO TG ONOTE TO
TNAiKo 6VO OTTOLOIMNTTOTE TIUMV TNG Elvor BETIKG .

nu

e Axoun eivon I|m =0 d0tt

~1<nqux<1l &g X*#0

_i<n_ 1
X x* X
Lo 1
Kot ooV lim ( —zj 0 amd to kprTNplo TapeUPoing Exovpue
X—>—00 X
lim M _o.
X>—0 ¥
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Al

T o W2 —+/3-W+ 1= 0 éyovpe A=+3" —4=_1

€101 lex/é—i_I Kot szx/g_I EMOUEVOG O W givon W=—3+}-i
2 2 2 2
1GYVEL
31,43, 1 V3,
4 4 2 2 2
u W3:W2-W: £+£3| . £3+_1| :£3+_1i _3_£3 i
2 2 2 2 4 4 4 4

A6 mv1821= 3 607 &yovue

w2 = (W)™ =i =i %= i agob 607= 4 151+

2
— £3 + _1 — 1
2 4
Evoiloktika:

Axoun |W| 2

A2

W = | o W™ =1 wf = 1

‘Eotw z=X+vVyi pne x,ye R pue |X|+|y|¢0 ToTE

—2Re( |W| 0

|| 21y >+1=0<

X +y’-2x=0
X —2x+1+y’ =1l
(x=1)" +y?* =
Ondte ye®UETPIKOG TOTOG TOV EIKOVAOV TOV MYAOIKOV Z givonl KOKAOG HE
KEVTPO K(l,O) , oktiva p=1  wou pe  pyodiky  e&lowmon
‘z— (1+0i )‘ = 1< |z- 1= 1extog tov onpeiov O(0,0), (agov z#0).
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Evoiloktika
Ioyver
_ z+7=2Rqz) _ 7
2‘?62+|w|=0 o (zZ+2 )+1=0<:> z2:2-z-2=0 ()
N .

‘Eoto 611 \Z—ﬂ =1<:>‘Z— 12 =l ..o2.Z2-2-72=0 (2

And (1) kou (2) éxovpe to Toduevo |Z—]l =1

A 3.

. 1+i .
a. loyder z-u=1+i < z=— (eivar U= 0 apov 1+i #0) éto1 |Z—1|:1
u

A(1,1)

yiveto:
ﬂ—l‘ =le |
u sl
[1+i—ul Lo \
u '
|1+i—u|=|u|<:> 0.5,
ju—(21+i) =]ul B(0.0)

‘Eto1 1 ewcova tov U kiveiton otnv pecokadeto tov AB pe

A(1,) B(0,0.

Mo u=x+vVyi,Xx,ye R éovue

u—(1+i)| =|u| & [x+y-i—1-i| =[x+ y-i| &

&|(x-1)+(y-1)-i|=|x+y-i| =

= \/(x—l)z +Hy-1) =¥ +y* =

SX-2X+1+ Yy - 2y+1=X+y’ &

& -2X-2y+2=0x+y-1=0

B. Eivon
\z—1+ Z-u—u

=|z-1+u-(z- 1| =|(z- ) (*+u)| =

=\z—ﬂ-\1+u\gpa:ﬂl-‘u—(— 1+ Oi)‘ =‘u—(— 1 Oi)‘
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A 4.

To ‘u - (—1+ 0-i )‘ TOPIGTAVEL TV OTOGTOCT] TG EIKOVOC TOV UIYASTKOV

U am6 o onpeio K(-1,0).

H exdva Tov U xveiton oty pecokdbeto tov AB e e&icmon

X+y-1=0.

O pryadikdc ap1pog U tov omoiov 1 €1KOVAL AmEYEL TNV IKPOTEPT
OtOGTACT] OO TO GTUELO K(—l, O) glvoil L TOG TOL £)YEL EIKOVOL TO 1YVOG

™G kdBetng and to onueio K wpog v evbeia X+ y—-1=0

F'N

y

! ! ! ! ! ! ! !

1 05 05 15 2 25 3 35 4
K(-1,0)
051

Bpiokovpue v e€iocwon g gvubeiag £ mov digpyeton amd To onueio K

Ko elvan KaOetn otnv gvbeia €.

, 1 .
Eivar 4, =——=1 Gpa

(£):y-Ye =4 (x-%) e y-0=x-(-) o y=x+1

Avvoupe to cvoTnua

y=x+1 y=x+1 y=x+1 y=1
& < &
X+y-1=0 X+X+1-1=0 X=0 x= (

Apa téuvovton oto onueio A (0,1) Kot 0 {nrovpevog pyadtkog eivat o

u=0+11 koun avrictoymn Tiun T0L Zeivor

z-i=1l+i e z=ﬂ=1—i .

OewpovUE TNV TOAVOVVUIKT] GUVAPTNON

f(x)=(1-x)(z+Z-2-2)- x(|z- Z|- 2), opropévn ot0 X €[0,1]

‘Exovpe:

e f(0)=|z+Z-3-2=|2x-23- 2= 20— [
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o f(1)=-|z-7+2=-(28]- 2= 2- 2]

[Ma tov yadkod z eyvet |Z—le =lpue z=a+pfi,a feR, f+0,

a#1 apa

(a—1)2+,32=1<:>{1_'32:(“—1)2> 0@

1-(a-2)"=p4*>0 (4)

‘Etot ano (3) éxovpe

apoV o #1 ko f#0

1-p2>00 fi<le|fl<lo 38l< 20 2 28> 6= f (W

Ev® and v (4) mpokvmtetl Ot

1-(a-)" >0 (e-Y <lojo- i< 1
e2a-1<2 Ja-1- < 0= f (0

Yovenmg yio ) ovveyn (og Tolvwvouikn) covaptmon f oto

[0,1]woy0er f(0)f (1)< O.

Omnote kavomotovvron o1 Tpodmobécelg Tov Bempnuarog Bolzano.

Apa vrapyer £ €(0,1) dote

f(&)=0e(1-¢)(|z+2-2-2)-¢(z-7-2) =

z+z-2-2 |z-Z]-2
<:> =

¢ 1-¢

Evoliaktika

‘Eyxovpe

o |z+7—2|—2:|2a— Et— 2= 20(— J].— 2 KOl 0t TO YN0

O<a<2=-lka-lkI=|o- Ik B
=2a-1<2= Ja-1- < 0= f (0x (
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. |Z—7|—2: 2|,6’|— 2 KO 0O TO GYNUOL

-l<f<le|fl<1=28-2< 05 2 8- 2 & f (1

Evolioaxtika :

o |z+Z-2=|z-1+Z-1<|z-{+[z- 1= B E lxm

o |z-27=|z-1-(z-1)|=|z-1-(Zz- D <|z- {+[z- 1= ¥ E

To icov dev pmopei va 1oyvel apod z#0,2,1+ |
e f(0)=(2a-1-2<0
e f(1)=-(28]-2)>0

Evolloaxtika :

[Noa Xx#0,x#1 é&ovpe
z+Z2-2-2 |z-Z|- 2z« paper le-1-1 |8]-1
= IR = &

&
X 1-x X 1-x

Sle-1-1-x(le-1-J=x(f- )=
Slo-1-1=x(|fl+|le-1-2
o Av |,B|+|a—]4= 2<:>|a—]l= 2—|,8| TOTE OO TV
|,6’|2+|05—1|2 = 1éyovpe

B +(2-|8) =1 |8 + 4- 4p|+|a]" = 1= 2] - 4:|p|+3=0

omoia €yl A=16— 4- 2- 3< (dpa eivan advvarn,

=

e Apa |,B|+|a—1|—2¢ 0 éton |a—ﬂ—1= X(|ﬂ|+|a—ﬂ—2) gxel Moom

z+z-2-2 |z-Z]-2
X 1-x
mwévto Aoor Ko pileto povodikn agob givar Tpwtofdoo.

emopevac N e€lowon

v X #0,X# 1 €yer
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