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AITANTHXEIX

OEMA A

Al. B\éme Zyohxo Biiio, oerida 217 v andoeién tov Ocwpfuarog.

A2. B\éme Xyohio Bipiio, oerida 150 tov opiopd tov peyictov.

A3. B\éne Tyohko Bifhio, oelida 234 v amddeién tov tozmov (o) '= o Ina.

Ad. i Alnbnc. Biéme Zyohko Bipirio, cehida 152 ta oyoia.
ii. Yevdnc. Biéme Zyolkd Biffdio, cerida 90 Tig duvdpelg tov 1 pev = 3.
iii.  AMnOnc BAéne Zyohkd Bifiio, oehida 165 to @empnpua 1°.
iv.  Alnongc. Biéme Zyohko Bifirio, oerida 241 tov opiopd tov pvopod
uetafoirnc.
V. AlnOng. BAéme Zyolkd BifAhio, cerida 261 10 oyOA10 TOL Ocwprpartog
tov Fermat.

OEMA B

Bl. Ta nedia opiopov tov f, g eivon avrictoya to Af= IR ko A, = (0, +o0)

e H fog &xe1 medio opiopov to chvoro
{xeA; ko g(x)e Ag} ={x>0 ko g(x)e IR} = (0, +0)

["a tétoteg TIHEG TOL X, EXOVIE:

(fo2) (1) = £ (5 (x)) =" = =x
Qote (fog)(x)=x pexe(0,+»)

e H gof opiletan oto chvoro
{xeA; ko f(x)e A,} = {xeRkm €7 >0} =R
[ té€toteg TIHEG TOL X, EXOVIE:

(gof)(x)=lnf(x)+2=lnex’2+2=(X—2)+2=X

Qorte (gof)(x)zx pe x €IR
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B2.

B3

B4.

[Mopatnpovpe 6Tt 01 cuvaptioelg fog kot gof dev Exovv 10 1510 TEdiIO
OpIoHOY, ETOUEVAC OV Elval 10€G.
[Na k4e x;, x,€IR €yrovpe
X, £X, > X,—2#X,-2=e " ze" "’ f(Xl);t f(XZ)
Emopévagn f etvan 1 — 1 xou €xet avriotpoen. ‘Exovpe
y=f(x)oy=e"
< x-2=ly, y>0
Sx=lhny+2, y>0
Apaf '(x)=Inx+2, x>0

@ewpovue ™V cuvaption h(x)=e"’-Inx-2, xe [e’z, 2} ,

e H h eivar cvveyne. Ipdypott n cuovdpmon e eivan cuveync, og cHvoeo
NG TOALOVLIKNG X — 2 pe v ekBeTikn e*, ol omoieg eivon cuvveyeis.
Emopévarg n h elvon ocvveyng, yori mpoxvntel amd mpdielg Tmv cuveyLV
cuvoptioemv e, Inx (hoyopiOukn) xon 2 (ctadepn).

e FEivan
h(e‘z): e 2—Ilne’-2=¢° 24+2-2=¢° 2>0
Ko
h(2)=e*?-In2-2=-1-1n2<0
Omnote:

h(e?)-h(2)=e" ?(-1-In2)<0
Epappdleron, emopévoc to @edpnua tov Bolzano ywo v h oto didotyua
[e7, 2], onote vrdpyel xoe(e >, 2) pe h(xo) = 0. Tote
h(x,)=0<e*?-Inx,-2=0< "7 =lnx, +2
Avt6 onuaiver, otin eéicwon ¥ =Inx+2 &yl g pila Tov apdud
Xo € (€7,2) ko omodetkviel To {nTodpevo.

. f(x) . e¥?
Eivaw lim ———= lm =0, ywori
) ~ - 1 i
lime*? = lim —-=—lime*=—-0=0 kot lim x=-o
X—y—0 x>0 @ e’ x> e X——00

Axopa, fim —28)__ i, Inx+2

. Emedn lim (Inx +2) =+ ko lim x = +o0
X—>+00 (ng)(X) X—>+00 X X—>+00

X—>+00

EYOVUE QITPOGOLOPIGTI LOPON % Eivar lim M = lim L 0, omote OO
o0

X400 (X ) X+ %

t0 avtiotoryo Oedpnua tov De L” Hospital &yovpe:
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NOLZXZI1NOGGdGO®

g(x) ~ lim Inx+2 ~ lim (Inx +’2) _
X—>+00 (ng)(X) X—y+0 X X+ (X)

Qote lim —) _ fim 8%
xo-o (gof )(x) x>+ (fog)(x)

0

OEMAT
rr.. i Eivou 1430 #0, omoTeE:
1 ~[Fatoa
f(x)= e’ 1)
) 1+ 30’
H ovvapmon 2tf(t) eivonr ovveyng, og ywopevo Twv ocuvey®dv
ocuovaptnoewv 2t kon f (t), omdte  ocvvdptnon mov opileton amd TO
ohoKAM PO LXth (t)dt eivon mapoaywyioyun, dpa ko M —J;Xth (t)dt
givon  mopaywyiowun. Emopéveog 1 ovvdaptnon efIl O evan
Topay@yiciun ®¢ oLVOEST TOPAYOYIGIUOV  GLVOPTNCEWDV, TNG
_ J'l T2 (H)dt pe v exdetihy ¥, To yvépevd g e Tov aptopd #,
+3a
, 1 7IX2tf(t)dt , ) ,
oniadn n f(x) = T ® ' elvan mopaymyioun. Exyovpe
+3a
,Ixztf(t)dt | 1 IXth(t)dt( x )
f'(x) = ' =——e" — | 2tf(t)dt
) 1+3oc2£e 430 Il ®
= f(x)(— 2xf (x)) = —2xf * (x)
ii. I'o k6P x € R givon f (x) > 0, apov 1430 >0 ko efIl %50, Erot
P = -2xF2 (0 &0 = x| 1| < ()
£2(x) f(x)
Enopévoc vrdpyer ce R dote
1 2
- 2
0 X“+¢ (2)
H (1) yio x=1 diver f(1) = ! >
1+ 3a
H (2) diver %zl+c<:>l+3oc2 =l+c<c=3a’
Apan (2) oiver f(x)=— -, 7o kale x € R
x* +30
I'2. ’'Eyxovue
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o (> 1 (t +3a’ ) 1 5 .
[ thwdt _jo S [Zlnlt +30 Il

len 4a° —lln3oc2 :lln
2 2 2

H tyn avm elvan aveEdptnn ToL 0.

H f, og pnrm, eivon cuveyng kon 600 popéc mapaywyioiun oto IR pe
1) (x*+3a%) 2x
f'(X):( 2 ZJ:_(Z 2)2:_ 2 252
x° +3a (x"+3a7) (x"+3a7)
To mpéonpo g f* pe v povotovia ko to akpotato g f @aivovion otov
EMOUEVO TIVOKOL:

400

f’ +

—| o | @

f / 30 T~

H f eivon yynoiog avéovoa oto dtdotnua (—o, 0], yvnoimg bivovca cto
1

az

[0, +o0) ko €xetl 0AKS péyioto o £(0) =

[Moamv 77 &ovpe:

' 2 232 2 2]
O X :_Z(X +307)" —x | (x* +30)’ | .
(x* +3a’)’ (x* +3a?)*
_ 5 (x> +3a%)® —4x*(x* +3a?) __27(2 +3a’ —4x® 6 x* —ao’
(x* +3a”)* (x* +3a%)’ (x* +3a%)’

To mpéonpo gt " pe v xvptdtra ¢ f Ko ta onueio Kopmng g
QOIVOVTOl GTOV ETOUEVO TTIVOKOL:

X —o0 —|al |af +o0
fr + 0 - 0 +
1 1
f S 4a’ N 4 N
oK oX

H f eivon kopt) og kaBéva and ta dwactnuata (—oo, —|af], [|af, To0) Ko koiin
oto Stdotnpa [—ol, |af]. Exet onueia kapmig to (<o, 1/40°) ko (o), 1/40)
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H f, ogovveyng oto IR, dev £xel KATAKOPLOES AGVUNTOTEG. LTAL +00 KO —o0
EYOVE:

. : .1
lim f(x) = lim —; -=lm-—=0
X—>+o0 Xobeo 5 S 30(1 Xt 5
. . . 1
xll)rgloof(X) B xll)r{loo X2 + 3@2 B xll)rgloo X2 =0

Apa Exel oprlovTIOL OGO UTTMTI GTO 00 KOl GTO —o0 TOV AEOVA TV X.
ZOUQOVOL LE T TOPOTAVED GLUTANPDOVOVUE TOV ETOUEVO TIVOKA HETAROADV:

X —© —|al 0 | +00
£ + + 0 - _
£ + 0 - - 0 +
1 1 1
f 40 / 308\« e
oX max oX
0 _—_/ \» 0

I'4.

H ypagikn napdotacn g f diveton oto endpevo oynua:

L

1 ."3 ﬂ?

-

[1ag?
A

[

¥

Hapatypnon. H feivon dptio apod yio kdbe x € IR 10 —xelR ko

1 1
f(—x)= = =f(x
%) (—x)* +3a’ x> +3a° )
Emopévag pmopovpe va v peretnoovpe 6to dtdotnua [0, +o0) Ko va
enekteivovpe Ta cvprepacparta oto R

To (ntovuevo epPadd (Bréne ™ ypagikn mapactacn g f ) eivan peyarkvtepo
1
4o

a6 1o eppfadd E, =|a| tov opBoywviov mov opileton amd TOVG

T 4ol
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dEovec ko Tic evbeleg X = 0, y= Kot piKpoteEPo amd 10 epPadd

a’’
1 1 , , , ,
E, =|a| o = o] tov opBoywviov mov opileron and Tovg GEoveg Ko TIg
04 04
1
evbeiec x=0a, y= . Emouévm <E<
° Y30 VeSS a ™ T3

AMhbe: Me o> 0, enetdi £(x) > 0 sivar E = j £(x) |dx = j f(x)dx . H f eivan
0 0
yvnoing divovoa oto didotnua [0, o], ordte yio x€[0, af eivan
f(o) < f(x) <f(0) = 12 <f(x)<—

4o 3o’
Emeion o1 avrtictoyec 160t TEG deV 16Y00VV 6€ Ao TO [0, 0, Eyovpe

I: {f(x)—4;2}dx>0 Ko J‘a {3;2—f(x)}dx>0

@jaf(x)dx—{ XZT>O Kat { x T—J‘af(x)dx>0

1 1
Sf(x)-—— >0 kt ——f(x)>0
(x) 4o° 3a° ()

4 3o
<:>E—L>O KOHL—E>O <:>L<E<L<:>;<E<L
4al 3a 4a 30 4o 3o
Me a < 0 Ba epyactodue opoimg.
OEMA A
Al.  O¢tovue
X+2
x+2
Tore
ling(x) =-1 (1)
Ko
f(x)=(x+2)g(x)+2e""?, x£-2 2)
Eivan
lin}z[g(x)(x +2)+2e"?] = lin}z[g(x)(x +2)]+ lir{12 26" =0+2=2
omoTE
lim2 f(x)=2
H £, og mopaywyioyun oto IR, eivan cuveyng oto IR, dpa ko otox, = -2, €161
lim2 f(x)=f(-2)=>1f(-2)=2 3)

‘Eyxovpe, pe x # -2
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_ _ @),3) X+2 X+2 x+2
f(x)—1(-2) . (x+2)g(x)+2e 2:(x+2)g(x)+2e 1=g(x)+2e 1
X+2 x+2 xX+2 xX+2 X+2
) X+2 O
To op1o hm2 5 glval 0TPocdIOPIETH HOPPT] TOTOV re [Tapatnpodpue 011
x>-2 X +

X+2 ]
e —
lim u =lim(e**)=¢" =1
x—>-2 (X + 2)' x—>-2
Emopévac, epapuodleton o avriotoryog kavovac tov De L™ Hospital copowva
e 1o omoio Ppickovpe

X+2 _ X+2 1\
Ayt Gl Vo
=2 x4+2 x>-2 (x+2)
Torte
. fx)-f(-2) .. | ) e -1
f'(-2)=lm————==1lim | g(x)+2 =]mm g(x)+2 lim =
( ) X2 X X—>—2 g( ) X + 2 Xx—-2 g( ) x—=>-2 X 4 2 1

21t ovvéyxewn mopatnpovpe o0t n C; eivon koikn, ywri £ '(x) < 0 oto R

Emopévog ta onueia tg C; eivar kdtow omd ta ovrictolyo omnpeia g

EQATTOUEVIG TNG 0TO onpeio g A(=2, f (=2)), extdg TOL oNUEIOV ETAPNG TOV

etvan koo onueio. H e&icmon g epantopévng eiva:
y—f(2)=f'(2)(x+2)y-2=x+2y=x+4

Apa f(x) <x+4 yia kdbe x €eR

Hapatypnon. H oyéon avty amodeucvoeton ko pe tn fondeta g cuvaptnong

T(x) = f(x) —x -4, n omoia €yel péyioro to T(-2) = 0.

A2. Eivon f(-2)=f(0)=2. Axopa n f eivou cuveyng oto [-2, 0] kou mapaywyiciun
ot0 (-2, 0), og mapaywyicwun oto R . E@appoletan, emopévmg, to Bedpnua
tov Rolle yia v f oto dwstnua [-2, 0], ondte vdpyer x, €(—2, 0) té€too,
oote f'(x,)=0. Eredn £7(x) <0 n " givon yvnoimg bivovsa oto IR, ondte
TO X €ivon povadwkn g pila ko
* Y KAOe X € (-0, X,) etvoux <x9=>f'(x)>f'(x0) > (x)>0
* Y KABe X €(X,, +®) elvan x> xp = f (x) <f '(x9) = f'(x) <0
Apan f og cvveyng Exet péytorto (ohko) to f(x,) pe x, €(=2, 0).

A3. H ' givan yvnoing pbivovoa oto IR, emopévag eivon 1-1, omdte
2(x-5) 2(x-5)
f'(j0 f(t—x)dt)zf'(O)@J.o f(t—x)dt=0 4)
Apxel va deifovpe, 0t N (4) €xet povaodikn piCa oto Rmv x = 5.
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Ad4.

[Ipdypatt, yia x =5 1 (4) enainBedeton, yrori yiveton J.Oof (t—x)dt=0.
[Mao va dei&ovpe v povadukotnta g pilog Bewpovpe TV cuvdptnon
heo=["""f(t-x)dt, xeR
O¢tovpe t—x=u, omdtedt=du. @ t=0 10 u=—x Ky t=2 (x—15)
o u=x— 10, emopévag
x-10 x-10 -x
h(x)=| " f(u)du= jo f(u)du - jo f(u)du

Erewoq n f  eivon ocvveyng, 1n oovvapmon ¢(x) = J.Oxf (u)du eivon
Topay@yiciun, ETOPEVMG Kot 01 cbvBEcels Tov X — 10 ko —x  pe v @ givon
TOPOYOYIGIUES UE

(J.oxmf(u)du)'z (x—10) f(x —10) = f(x ~ 10),

( joxf(u)du)' = (=x)f(=x) = —f(—x)

Emopévarg nh eivon mapayoyicun, oc abpoiopa tapoaywyicipuov
GLVOPTNCEWMV, [LE
h'(x) =f(x —10) +f(—x)
Enedn, and 1o epodmpua Al f(x) <x+4 yia kdbe X € IR, givan
h'(x) =f(x—-10) +f(—x) < (x-10) +4+(—x)+4=-2<0
Apa n h geivan yynoimg bivovca, eropévmg kon 1-1, wov onuaivel 6t n pila
g €lvan povadikn. Avto amodeikviel To {nrovpuevo.
210 epodmpa Al dei&ope 611 £'(x) <0 o10 (X,,+0) pe Xoe(-2, 0). Emopévag 0
f elvan ywmoing o@bivovoa oto Sdomqua [0,+0). Eivon |z + i| >0 Ko
|Z| +1=1> 0, apov 10 pétpo kdbe pryodikov givon pn apvntikdc apbude. Torte,
ue z=x+1y,x,y € IR maipvoope:
f(|z +i|) < f(|z| +1) St |Z +i| 2|Z| +1
S|x+(y+D|>|x+1y |+1

<:>\/X2+(y+l)2 2\/X2+y2 +1
2
<:>(\/X2+(y+1)2)22(\/xz+y2 +1)
SX Yy 2y +12xP +yt +2yx  +y? +1
<:>y2wlxz+y2
2
S y20 ko yZZ(\/X2+y2)

&y20 kar x° <0

< y20 ko x=0, dpa z=1iy,y € R", pavtoctikoc.
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