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OEMA 1
A. BAéne oyorikd PiAio cerida 194, 1o Bedpnua EVOLAUEC®V TIUOV.
B. BAéne tov optopo ot oerida 279 tov oyoiikov Piiiov.
I. BAéne oelida 246 tov oyoiikol PiAiov, apécmg petd v dSotdnwaon Tov
Bewpnpartog Rolle.
A. 1. Y0o10. BAéme ot0 oyohKo Pirio oerida 91:
Z+ Z =2a pe a = Re(2).
2. AdBog. BAéne oyohio Piiio cerida 185 pea=e:  lime* =0
X—>—00
3. AdBoc. Bréme oyohio Pirio oerida 142:
{x/x €A kat x €B, pe g(x) =0}
Y0o10. BAéme 1o EXOAIO o cerida 218 Tov oyoiukov Piiiov.
5. Y0o010. BAéme o010 ook Piiio cerida 336 Tov TOTO NG
OAOKAN PG G KATA TAPAYOVTEG.
OEMA 2
a. i. H f, o¢ moivovopuxi, eivan cuveyng ko dvo popég tapaywyicun oto R

ii.

LE
f(x) = 12x% + 24 Ax + 1 -1,
f'(x) = 24x + 247
Emeion oto x¢ = — 1 mapovcidlet kapm, eivon f “'(—1) = 0:
F(-1) =0-24+241 =01 = 1

Enedq A =1 eivan [f(x) = 4x> + 12x? |«

f7(x) >024x + 24 > 02x > -1

f[7(x) 024 + 24 < 02x < -1
Emopévogn f eivon koikn oto didotnua (—o, —1] Ko kvpti| oto
[-1, +o0).




B. O¢tovpe u = f(x). Ereon
lim f(x) = lim (4x3+ 12x%?) =0
x—>=3 x—>=3

elvat

nuf(x) im T _

lim =1

s f(x) o u
v. i. H {nrodpevn apyikn eivon n
F(x)=x* 4+ 4x3 + ¢, x€R
le ¢ otobepd, yiati yuo kdbe x € R
F'(x) = (x* + 4x% + ¢)'= 4x3 + 12x*> = f(x)

To onueio (0, 1) avkel otV ypaeikr mopdotoon e F, ondte
F(0) = 1:

F(0)=1&c =1
Enopévog

F(x)=x* 4+ 4x3 + 1| x€R

ii. Bpiokovpe t1g pileg ¢ cuvdptnong:
f(x) =0 4x3 + 12x2 =0 24x?(x+3)=0x=0Nx = =3
To {nrodpevo epPaddv E 1eovton pe to orokAnpmpo

0
£ = Ifeolax
-3
Y10 Sidotnuo [—3, 0] eivon f(x) = 4x?(x + 3) > 0, dpa

0
E = f_3f(x)dx

Tote
E=F0)-F(-3) =1+ 26 =271.u
OEMA 3
o. i) ®ftovue otn doopévn GyEon X = % KOl TOUPVOLULE:
n n V2 V2 V2
f(T],le)-Ff(O'UVZ)—1<‘:,>f<7>+f<7>—1<‘:,>2f<7>—1<‘:)
V2\ 1
(7)-2

[TéA, pe x = 0 maipvoope:
f(muo) + f(ow0) = 1=f0) + f(1) =1

ii) Oewpovue v cuvaptnon g: [0, 1] > R pe
gx) = f(x) + x-1, v ké0e xe [0, 1]



H g eivon cuveync, og dBpotspa cuvey®V GUVAPTHCEOV: TG f, KoL TG
x— 1.
Eivor g(0) = F(0)- 1 kau g(1) = F(1) “““ 1 - £(0), onodte

g0 - g ==[fO-1" (1)

Al0KpivOLLE TIC TEPUTTOGELS:

1" agpinToon:
Av f(0)=1,1t6te a6 (1) < g(0) = 07 g(1) = 0. H g Ba &xer piCa
0Xo=0nTt0%x0=1

2" wepintoon:
Av £(0) # 1, tote and v (1) eivar: g(0) - g(1) < 0. Epappoleton,
emopEvec, to Bewpnua tov Bolzano yuu v g oto [0, 1], étol Ba
VILAPYEL, TOLAQYLoTOV, éva X0 (0, 1) Té€T010, ote g(xy) = O.
Y k@0e mepintwon, Lomdv, vdpyel x, €[0, 1], T€to10 dote

gxo) = 0=f (%) + x9-1=0f (%) + % = 1,
10 0moio amdoelce o (nrodevo.

Oewpovue v cvvaptnon h: R— R pe
h(x) = f(x) —\/§x+%, x €ER
e H h eivan mapayowyicyun oto R, wg dOporopa g f, n omoia and
VoBeo Eivon Tapay®yic), Kot TS TOAOVOIKAG —V2x + § e
TOPAy YO
h'()=f ()-V2
e H h éyel ehdypioto ot0 x5 = \/2—5 . Hpaypatikad, eivon

V2 V2 V2 1 1 1
h<7>:f<7>—\/§'7+§:§—1+§:0

Axopa, yiokéfe x € R
1 1 V2
f(x) = x/Ex—5 = f(x) —\/§x+§2 0 < h(x) = h<7>
V2o, . , , .
o Toxy= ~, Elvol EcOTEPIKO onpeio Tov nediov opiopod g h.
Emopévac, epappdleton to Bedpnpua tov Fermat, chppova pe 1o onoio
R () =o:

h’<§>z0@f’<§)—ﬁz0@f’<§):\/5

, , , R
H e&iowon mg epomropévig g f oto onueio pe tetpmpévn — efvor
2\ (3 (2
y=I\7z) =1 \7) ¥ 3



@y—%:\/f(x—g)oy:\/fx—%

ii) Eivon
JFO+f(H=1of1)=1-1(0)
Ko
fpx) + f(ovvx) = 1 foovx) = 1- f(npx).

AvtikoB1oTov e GTO OPLO KoL EYOVUE:

f) = flows) . A=70) = A= f@wx)

lim
x—0 nux x—0 nux
x)—f(0
i SO =@
x—0 nux —0

Kévovpe v avtikatdotaon y = nux. Emeidn
lim(npx) =npo =0
X—

t0 y teiver oto 0. "Etol

o L C1HX) = 1 (0) f» —£(0)

li = lim 3)
x—0 nux — 0 y-0 y—0
Emeion n cuvapmon eivan mopaymyioiun oto 0, amd Tov opiopd g
f(0) eivan
f&)—f(0)
li =f"(0 4
ikt S——" f () (4)

21 ovvéyela Oa vroroyicoope v f 7 (0).

[MopaymyiCovpe kon ta Vo pEAN g doopévng f (nux) + f(ovvx) =1
KOl TOPVOV UE:
[F () + f o)l = (1)’ [Fux)]" + [f @ov)] = 0
& (0 'f () + (v f (ovvx) = 0
< owvx - f (Mux) —nux - f (ovvx) =0
Az €6m, yiax = 0 &yovpe
cuv0 - f (Mu0) =710 - £ (cuv0) = 0= f(0) = 0.
Emopévac, coppova pe 116 (2), (3) ko (4):
5 fQ) =f(ovvx) . f(yux)— f(0)
im = lim

= £f(0)=0
x—0 nux x—0 nux 10

OEMA 4

A. Oempovpe v cuvdptnon
gx) = e*-x-1, xelR
1 o7oia €IVl GLVEYNG KO TAPOAYMYIGIUN LLE TAPAYMYO
g'x) = e*-1, xelR
Eivu g'x) >0se*-1>02e* >1x >0 ko



gx) < 0sze’'-1<0ze*<1ex <0
Emopévoc n g, og cuveyng oto X = 0:
e  civar yyoimg bivovca oto didotnpa (— oo, 0],
e  givar yyoimg avéovca 6to dtdotnua [0, +00)
dpa, £xer olkd erdyroto to g(0) = 0, omodTe

gx) =2 gl0)=e*-x-12=2 0e* 2 x + 1, yuo kdbe xeR
Ao ™V mopamdve arddelcn copmepaivovpe, 0Tt 1) 166THTA
gx) = g(0) e’ =x +1

aAnBevet akpPog dtav x=0, apov 1 BEon ehayicTov TG cuvApTHOoNG Elval
uovovn x =0.

o.i. Oftovpe u=x—xt, ondte du= —xdt. ["at=0 eivou u = x ko y1o
t=1c¢tvauu=0. Tote:

1 0
xf e X0t =f e/ (—du) =f
0

x 0
Téte yuo k4B x€ [0, +0) Eyovpe:

X X
ef(”)duzf efOdt,
0

X

X 1 X
VA =f efOdt + ixf ef(x=xqt =f efOdt + if efOdt
0 0 0 0

onote
X

Re(z) = Im(2) = f e/Oqt
0
2TV GLVEYEL

X X X
sz e/ Odt +if e/Odt & z = (1+i)f e/ Odt
0 0 0

7 x
1+i

Enen e/® >0, yio k60e x > 0 givon fox efOdt >0, emopévog

<

A
T3 Re(z) =Im(z) = 0,yiaxéBe x = 0

ii. Bprkaue li-i-l = fox efMdt > 0, ondre

A x *
] = | er@a|= [ eroar
1 +1 0 0
apo
|| R ,
ﬁ = | ef®dt , Yo kdfe x = 0
0

ZOpQOVO PLE TV GYECT CVTI KO TNV OEVTEPT OO TIG OGUEVES Elvar:
X X
f efOdt = f [f@) +et]ldt+ f(@)—1 (1), ywkébex =0
0 0

Eneidn 1 f konm et etvon cuveyeic, O etvon cuveyeig

e nobtvieon e ko

e 10 dOpowoua f(t) + e,

EMOUEVMOC 01 GLVOPTNGELG TOV opilovTon amd To OLOKANPO T



fxef(”dt ) fx[f(t) + et] dt
0 0

glvol TOPOYOYIGIUES IE

<fxef(t)dt> = /), (fx[f(t) + et] dt) = f(x)+e*
0 0

[MopaymyiCovpe kon ta Vo pEAN ¢ (1) ko Eyovpe:

<fxef(t>dt> = <fx[f(t) +etldt + f(a) — 1)
0 0

ef® = f(x) +e*, yokdbex =0

1, TEMK®OG:

Mo xéBe X1, X, = 0 amd v (ou.11) Eyovpe
ef(x1) — f(xl ) + e¥1 et1 = ef(x1 ) — f(xl )
ef(xz) — f(xz ) + e¥2 ez = ef(xz ) — f(xz )
‘Eotw x; < x,. Eneidn n e” eivan yynoing avovca Exovpe
e¥1 < e*2 &= ef(x1) — f(xl ) < ef(xz) — f(xz )
=9(fx)) < g(f(x2))
LLE g TNV GLVAPTIOT TOL EPOTHLATOG A, 1) omoia eivan yynoimg avéovoa
010 dtotnua [0, +00), 610 omoio maipvel TipéC M . Emopévmg
g(f (1)) <g(f )= f ) < flxz).
Amoodeiape, Lomdv, Ot y1o KOO X4, X, = 0,
av x; < Xy, 101€ f(27) < f(x,)
7oL onuaivet, 6Tt f eivan yymoing awvéovaoa.

H f og yvnoing avéovoa, eivon 1 — 1, dpa £yl avtictpoen.
[Témm f, og yymoing avéovoa kot cuveYNG, £XEL GUVOAO TIUMV TO
doTn o

1, i)
e Hoyéon e/® = f(x) + e* enedn f(x)>0 Siver
efP>e* o f(x) > x
Emeon

lim x =+
X—+o0

elvat
lim f(x)=+w

X—>+ o0
e T x=0nméhand mv e/ = f(x) +e* maipvovpe

e/ = £(0) + 1.
‘Etot, 1o f(0) eivon Ao g e€icwong e = x + 1. And 10 gpdnua A. 0
e&lowon avtr £yl povadiki Avon x = 0, Tov cuvendyetar, OTL

f(0)=0| (2)

Emopévagn f €xet cbvoro Tindv o ddotnua



| £, lim £(x)) = [0,+20)

Eotw y=f(x) pe x= 0. Ando mv e/ = f(x) + e* éyovpe:
ed=y+e* e =e—-y
H tehevtaia e&icwon €xer Aon ¢ mpog x = 0, agov e¥ — y > 1.
Tore:
e =e’—yox=In(eY-y)
Mo v Ty avty tov x givan 1(x) =y. Tpaypatucd
ef(n(e?-y)) _ f(n(e? —y)) = eln(e”-y) — oy _ y
H g ¢ yvnoing avéovooa oto [0, +00) givon 1-1, étor f (In(e¥ —y)) =y
Apa:
f1(x) = In(e* — x), xe [0,+x)

Mo x =0 and v (1) Taipvoope:
0 0
f efOdt = f [f(t) +et]ldt+f(a) —1of(a)-1=0s
0 0

fl@)=1](3)
o mv ocvvapmnon [ epappoletoanr 10 Osvpnuo Méong Tymg tov
dapoptkoy Aoyiopov oto ddotnua [0, a], a > 0, yiati givon cuveyng oe
avTd KOl TOPOy®YioIU oTO  OvTIGTOWO avowyTd OldoTNUO, ®C
napayoyioyun ond vrdbeon oto (0,+0). Emopéveg vmbpyer éva
tovAdytotov, E€(0, a) pe
f(@) - £(0)
a—0 B

£
N Loyw tov (2) ko (3):

1-0 : :
—=f@) haf@=1

a



